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Introduction

▶ Model. Two-layer neural network (NN).
▶ Background. Different training dynamical regimes (lazy vs

non-lazy) are observed both empirically and theoretically. [1] [2]
▶ Motivation. Explain the training dynamics differences from a

perspective on the loss landscape of finite-width NNs.
▶ Contributions.

▷ Geometrical difference between the set of globally optimal
parameters for squared loss with or without ℓ2-regularization.

▷ Relationship between the location of globally optimal parameters
and the location of initial parameters.

▶ Conclusion. Hyperparameter space classification boundary for
training dynamics at infinite width found by [1] is explained from a
perspective on loss landscape analysis.

Background

▶ Lazy Regime vs Non-lazy Regime.
For a study on training dynamics for two-layer fully connected neural
networks

fθ(x) ∝
m∑

j=1

σ(⟨uj, x⟩)ωj,

infinite-width setting m → ∞, continuous-time limit, loss is
differentiable w.r.t. fθ such as squared loss

dθ

dt
∝ −∇θR̂n(θ(t)), R̂n(θ(t)) =

1

2n

n∑
i=1

(fθ(xi) − yi)
2

are often used to describe parameter dynamics. [1] [2]
Previous research [1] drew a phase diagram of hyperparameters for a
two-layer ReLU NN at the infinite-width limit for a characterization
of training dynamical regimes, namely, supt∈[0,∞) RD(u(t)) → 0,
O(1), or ∞ as m → ∞, where

RD(u(t)) =
∥u(t) − u(0)∥2

∥u(0)∥2

.

▷ What happens if we add ℓ2-regularization?
▷ How about in a finite-width setting?

▶ Loss Landscape Analysis.
The questions above are considered in loss landscape analysis. [3]
▷ Can we relate loss landscape and training dynamics?

Problem Setup

▶ Model.
Two-layer ReLU NN for one-dimensional data.

fθ(x) =
1

α

m∑
j=1

(xuj)+ωj.

α = ma1 is the scaling factor
The parameters are initialized independently by u0i , ω0

i ∼ N(0, τ 2)
and τ = m−b1.
We assume that m is sufficiently large.

▶ Loss Functions.

l(θ) =
1

2

∥∥∥1
α

m∑
j=1

(Xuj)+ωj − Y
∥∥∥2
2

and

L(θ)=
1

2

∥∥∥∥∥∥1α
m∑

j=1

(Xuj)+ωj−Y

∥∥∥∥∥∥
2

2

+
β

2

m∑
j=1

(u2j + ω2
j).

β = m−c1 is the weight decay coefficient and c1 > a1.

Methods

▶ Exact derivation of global optima.

φ∗(m)=
{
(uj,ωj)

m
j=1

∣∣∣ ∑
j: uj≥0

ujωj =
αX⊤

S Y

∥XS∥2
2

,
∑
j: uj≤0

ujωj =
αX⊤

S cY

∥XS c∥2
2

}
.

Θ∗(m)=
{
(ui,ωi)

m
i=1

∣∣∣ ∑
i : ui≥0

u2i = |γ∗
P|,
∑
i : ui≤0

u2i = |γ∗
N|,

ωi =


sign(γ∗

P) ui (ui > 0),

sign(γ∗
N) ui (ui < 0),

0 (ui = 0)

}
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▶ Geometrical Properties. (Under mild assumptions.)
▷ Without ℓ2-regularization,

∀a ≥
a1

2
, ∃φ∗

a(m) ⊂ φ∗(m) s.t. ∀ϕ∗
a ∈ φ∗

a(m),

∥ϕ∗
a∥2 = Θ(ma) and dim(φ∗

a(m)) = 2m − 2.

▷ With ℓ2-regularization,

∥θ∗∥2 = Θ
(
m

a1
2

)
and dim(Θ∗(m)) = m − 2.

▶ Concentration of the initial parameter location.

P

(√
2

2
m

1−2b1
2 ≤∥θ0∥≤

3
√
2

2
m

1−2b1
2

)
≥1−2 exp

(
−

cm

2κ2

)
.

Results

▶ Effects of ℓ2-regularization.
▷ Adding the ℓ2-regularization term reduces the dimension of the

set of optimal parameters by m and imposes a bound on the set.
▶ Effects of hyperparameters.

▷ Hyperparameter space classification boundary based on the
relationship between the locations of initialized parameters and
global optima matches with the boundary based on training
dynamics behaviors at infinite width found by [1].
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Discussions

▶ Next Questions.
▷ Does lazy regime exist for loss with ℓ2-regularization?
▷ Can loss landscape analysis explain the change in training

dynamics over training time?
▷ Can we extend our analysis to general d -dimensional input data?
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