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1 Introduction

The achievements of neural networks are familiar to us in our daily lives [MD23]. These achievements
include image recognition [ERHO02] [Law+97], search engines [Ser19] or transportation [Dou95] [PK17]
[Yu+17]. Recent achievements in generative models, such as image generative models [Alo20] or large
language models [Nav+23] [Rai+24], are spectacular: they produce images or texts as if humans pro-
duced. These achievements have generated a growing interest in understanding the efficacy of neural
networks [Sam+21]. However, mathematical arguments to support the reasons for this good behaviour
remain elusive [Gar22] [EP21b].

This essay aims to introduce you to some theories that look at the optimisation problems for neu-
ral networks from a viewpoint of convex optimisation. These theories help you understand the inner
workings of hidden neurons from two perspectives: high-dimensional feature selection and Clifford
algebra.

1.1 Overview

We start with mathematical backgrounds in Section 1.2 to introduce notations and the central theme
of this essay. In Section 2, we provide a step-by-step proof for the exact convex formulation of two-
layer ReLU neural networks introduced by Pilanci and Ergen [PE20]. We have invented numerical
experiments to confirm the global minimality of the convex formulation and assess the performance of
minimisation by stochastic gradient descent. Interestingly, we observed that minimisation by stochastic
gradient descent was more likely to reach the global minimum suggested by the convex formulation for
noisy data than for noiseless data. Furthermore, our results indicated the superiority of minimisation
by the convex formulation in a random design as well. These observations might be supported theoret-
ically in future research. In Section 3, we focus on an intuitive understanding of the inner workings of
hidden neurons. We also discuss the similarity between the neural network training process and other
machine learning techniques.

The numerical results in various settings (Section 2.3) and the visualisations from simple examples
(Section 3) will help you gain insight and intuition into the training process of neural networks.

1.2 Mathematical backgrounds

A basic goal of neural networks is to predict the unknown output of new input data by learning the
known relationships between the training input data and their outputs. The neural networks usually
take in a large amount of data and are equipped with many parameters to improve the prediction. We
formalise this process mathematically.

Given a training data matrix X € R™*4 and a training output y € R", we want to construct a
function f : R? — R that gives a “good prediction” f(z) for the output of new data x. Here, we
consider d-dimensional input and 1-dimensional output. The ith row :L‘;f of X and the ith element y;
of y represent the ith input training data and the ¢th output training data, respectively. An architec-
ture of deep neural network (DNN) (with K-subnetworks, each of which is an L-layer unbiased ReLU
network with weights Wy, € R™-1% "™ where [ € [L], k € [K], mo = d, mg, = 1) can be formulated as
fo(X) = 320 for(X) by for : R™? — R™ where

Jor(X) = (XWi) 4 Wi —1)k)+ Wk (1.1)



For notation, X is an n x d data matrix, 6 denotes the weight parameters {{Wyx}= 15 | and ()4
denotes the elementwise ReLU function. (For a matrix M, (M)4 is a matrix whose ijth element is
max{M;;,0}). We want to find 6 such that V z € R, Zle((mTWlk)+...W(L_1)k)+WLk is a “good
prediction” of the corresponding output.

So far, we have used the term “good prediction”. We want to quantitatively assess how good our
prediction is. To this end, we introduce a loss function £ to evaluate the difference between the predic-
tion f(x) and the true output y(z). There are various loss functions, such as a squared loss (usually for
regression) L(f(z),y(x)) = (f(z)—y(x))? or 0-1 loss function (usually for classification) L(f(x), y(z)) =
1(f(z) # y(x)). The loss of the training data can be denoted by L(fs(X),y). For example, a squared
loss can be written as £(fo(X), ) = | 525, for(X) — 9l = S0 (5 (X)) — 91)?. We take

the loss function £(.,.) as an arbitrary convex function.

A naive way to find an optimal 6 is to find # that minimises the loss in the training set. It is to
solve

min L(fo(X),y)

where © is the parameter space. However, as this optimisation heavily depends on training data, it can
lead to overfitting and poor generalisation performance. To avoid this problem, various regularisation
methods, such as Ridge regression [E H70] or Lasso [Tib96], can be used. The regularised network
training problem can be formulated as

K

min £(fy(X),y) + 8 Ri(6) (1.2)

0cO

where Ry(.) is the regularisation function for the layer weights in the kth sub-network, and g > 0 is a
regularisation parameter.

We aim to find an optimal § € © which minimises the above value (1.2). Classical machine learn-
ing theory often relies on empirical risk minimisation methods, such as stochastic gradient descent [S
A67] with backpropagation [Ama93]. It works when the objective function in (1.2) is convex; however,
when the objective function is non-convex, it may converge to a local minimum [SSS17]. Safran and
Shamir [SS18] provided a computer-assisted proof that the optimisation problem with squared loss for
ReLU neural networks can have spurious local minima when the number of parameters is small, and
conducted experiments showing that the probability of stochastic gradient descent hitting such local
minima is quite high.

On the other hand, empirical results suggest that neural networks generalise better with overparametri-
sation [Ney+18]. For example, increased depth of neural networks has been reported to speed up op-
timisation [ACH18]. A figure illustrating the increase in the number of sub-networks leads to a less
non-convex loss landscape can be found in [EP21b].

The research aiming to elucidate the relationship between overparametrised ReLU networks and their
generalisation performance has been gaining importance. For example, it is suggested that early stop-
ping of gradient descent or stochastic gradient descent might be working as a form of regularisation
[JL18]. This essay delves into characterising the global optima of neural network problems as solutions
to high-dimensional convex optimisation problems. This essay also illustrates the relationship between



strong duality and the number of hidden neurons. This perspective can shed light on the connection
between overparameterised neural networks and their effectiveness.

1.3 Related work

There have been attempts to find global optima of neural network problems. We present an example
here.

Particle Gradient Descent
Consider the problem of training neural networks with a single hidden layer in a more general setting:

Find an element in a Hilbert space F, square-integrable real-valued functions on R?, that min-
imises the loss £ and that is a linear combination of a few elements from a large given parametrised

set {¢(0)}pco C F where ¢(z) = (Z?zl xi0; + Gdﬂ)+

This problem can be generalised to describe the linear combination through an unknown signed measure
@ on © to solve for

J = min J),  J(0) ::ﬁ( / ¢du>+G(u) (1.3)

HEM(O)

where M(O) is the set of signed measures on © and G is an optional convex regulariser.
An approach for this problem is to discretise the unknown measure p as a mixture of m particles
parameterised by their positions and weights so that

1 m
i m\W, ’ m\W, = —_ 100; | - 1.4
min Jp,(w, 0),  Jn(w, 0) J(m;m&) (1.4)

Chizat and Bach [CB18] studied the many particle limit m — oo of the gradient flow of J,,,. They
showed that, under some assumptions, the gradient flow converges to global minimisers.

The importance of this approach lies in the fact that our training problem can be viewed as a more
general optimisation problem, and global optimality can be proven in the asymptotic regime. However,
networks with infinite width are not practical. Pilanci and Ergen [PE20] [EP21a] showed that a global
minimum for finite-width networks can be found through convex formulations.

2 Convex formulations

In this section, we restrict our attention to two-layer unbiased ReLU neural networks (K =1 and L = 2
in (1.1)) with scalar output trained with squared loss and weight decay regularisation. The squared
loss is often used in a regression setting.

Our Neural Network (NN) model is
FX) = (Xuy) 1w (2.1)

Jj=1

(W11 = (U1, o Upm) € R>*™ and Way = (w1, ... ,wp)? € R™ 1 in (1.1))



Our objective function is
3l (X sws = ol + 5 (sl +o (2.2
=1 =1
Our goal is to find an optimal solution {u},w}}"™, to the optimisation problem

T PR B
prim min SIS (Xug) e — ol + (gl + o). (23)
j=1

{uj Wi };nzl ]:1

This problem is a non-convex optimisation problem, so applying classical machine learning theory meth-
ods that employ a local heuristic search might get stuck in a local minimum of the objective function
before reaching its global minimum.

Pilanci and Ergen [PE20] showed the following novel theorem. The theorem states that when the
number of hidden neurons is large enough, this non-convex optimisation problem can be formulated
as a convex optimisation problem, which can be globally optimised by standard convex optimisation
techniques. The theorem also finds the connection between the optimal minimiser of the convex opti-
misation problem and the optimal minimiser of the original non-convex optimisation problem.

The importance of this theorem is that it enables the formulation of the non-convex optimisation
problem for overparametrised neural networks as a convex problem with finite constraints. The strong
duality for overparametrised neural networks might play a key role in explaining why neural networks
perform well when they are overparametrised.

We use 1[Xu > 0] to denote the element-wise 0-1 value indicator.

Theorem 2.1. Consider a diagonal matriz Diag(1[Xu > 0]) for u € RY. Let Dy, Ds,...,Dp denote
all such distinct diagonal matrices that can be obtained for all possible u € R? i.e. {D1, Dy, ...,Dp} =
{Diag(1[Xu > 0]) | Vu € R}, We formulate a finite-dimensional convex problem as

{ ntu]p 7||ZD X (v y|!2+ﬁz lvilla+ Itill2) s.t. (2D; —I,)Xv; >0, (2D; —I,)Xt; > 0, V i.
Vistifi=1 i=1

(2.4)
The convex problem (2.4) and the non-convex problem (2.3) have identical optimal values when m > m*
for some 0 < m* < n. Moreover, an optimal solution {u},w;}™, to (2.8) with m* neurons can be
constructed from an optimal solution {v},t:}_, to (2.4) as follows

SRR R S 5 TR
(ug;,wi;) = < HU:HQa v} |2> if v #0,

* P P
So, m* = ZM;;AO 1+ Zi:t;;éo L.

2.1 Why do we want the convex formulation?

The convex formulation has advantages in the following points.



e Suboptimality
The convex problem (2.4) can be globally optimised without tuning hyperparameters such as
learning rate or starting point. Hence, the optimised value can be used to assess the suboptimality
of other minimisation methods, such as SGD. This is illustrated in Section 2.3.

e Computational Complexity
It can be shown (details are in Section 3.1) that

P< 2222) <Z> < or <€(TLT—1)>T

where 7 := rank(X) ([Ojh00]; [MRS]; [Win66]; [Cov65]). Two-layer ReLU networks with m hid-
den neurons can be globally optimised through the second-order cone program? (2.4) with 2dP
variables and 2nP linear inequalities. Hence, the cost per iteration for standard interior-point
solvers is at most O(d3r3(2)3").

Note that, for fixed rank r, the complexity is polynomial in n and m. This result is a signif-
icant improvement compared to previous results [Aro+18] or [BMP23]
2.2 Proof of the exact convex formulation

In this section, we prove Theorem 2.1 and the supporting lemmas. The proof of Theorem 2.1 consists of
stating the original problem in an equivalent form and taking advantage of the convex duality. Although
the original proofs by Pilanci and Ergen [PE20] do not explicitly use the notation of Lagrangian, we
introduce it in our proofs for clarity. The preliminary knowledge of optimisation theory required for
the proofs in this section is listed in the Appendix in Section 5.1.

We begin with formulating the original problem (2.3) as a Lasso optimisation problem.

Lemma 2.1. The non-convex problem (2.2) has an equivalent form

pt = 7| Xu wi —yll5+ 8 w (2.5
||uj||2<1{w]}m ’Z D+wi =yl Z’ il )

vj€[m]
Proof. The key idea of this proof is that the rescalings of parameters
Vje[m], wu;=n~ju;, w;j=uw;/y; forsome ;>0 (2.6)

do not change the output value > 7", (Xuj)iwj, so || D270 (Xuj)iwj — yll3 = |l > (X)) 4wj — yl[3.
Also, they do not change the sum 7 ) [wj[|w;ll2 = D271, |w;l|[; 2.

Basic inequality 3 Py (w + [Ju;l13) > > ity lwjlllujll2 implies that

m

. ' 1 m ,8 ' 1 m m
o= min S (Xup)iwylEe Y () 2 min IS () s —ylB+8 Dl
j=1

{wjui}, = = {wjus Hit, =

(2.7)

T See [Lob-+98] or [AG03] for more details.



Hl% |||2 D j 7.y to the right-hand
J

side in (2.7) such that they satisfy Vj € [m], |wj[ = [[u]|l2. As |w}| = [Ju}[|2 holds for all j € [m], the
equality in the basic inequality holds. Hence,

By rescaling with ~; = n (2.6), we may find an optimal solution {w?, u

min *” Z Xuj)sw; —yll3 + 52 |wslllujll2

{wjus bty j=1
1.
=511 _(Xuj) s —yl3 + Z wjll[j]l2
Jj=1 Jj=1
1. m
=511 _(Xuj)swj —yl3 + Z 13+ w;®)
Jj=1 Jj=1

1, & B
>  min iHZ(XUj)erj —yll5+ 52 ||“J||2+W

{wj7uj};n:1 ]:1

3

w\tb

Compared with (2.7), the equality holds in the last line, so

p = min Y (uews -yl S (lulfd) = min fHZ<XuJ o=yl gl
{wsus i, =1 j=1 {w; Jj=1
Again, by rescaling with v; = Hu1~\|2 in (2.6), we may find an optimal solution {wj,u;}72; to the
J

right-hand side in (2.7) such that Vj, ||a|/; = 1. Hence,

m
(Xaz)+@j = ylis + 8 |yl

NgE

{wjus Ly

. 1 m m 1
min §IIZ(XUj)+wj —yll5+ 8 lwjllluill2 = 5|
j=1 j=1

j=1 jfl
1 m
:iHZ(XUJ)-Fw] y”2+ﬂ2‘wﬂ‘
Jj=1 j=1

= n *HZX“J +Wj — y”z“‘ﬁZWﬂ
|| JH2 1{"-’J}
Vj€[m]

Now, we show that we can replace the condition ||uj|j2 = 1 with |lu;[]2 < 1.
Let {&j,;}7L; be an optimal solution to

min — (Xuj)yw;j + w
‘2<1{wj}m ||Z J)+W; ?JH2 »BZ| il

llu |
vj€[m]
If 35 s.t. [|dj]2 <1 and @; # 0, we can find € > 0 s.t. || > (||dgj]]2 + €)|w;]-
For such € > 0, i
(X1dj) 405 = (X o)+ (g5 1] + )
jwil > ([[all2 + €)lwy|

so we can make the objective value smaller by replacing (w;,d;) with ((||d;] + €)wj, W) This
contradicts that {w;,;}7., is an optimal solution.
Hence, for optimal {u;, u}-}}n:l,

wj # 0= [lujll2 = 1.

7



Hence,

m

B
*HE (Xuj)rwj —yl3 + E ” H2<1{ }m *HE (Xuj)ywj —yl3 + E |wjl-
'M] UJJ

min
llujll2= l{wj}m 1
Vj€[m)] J=

Vj€[m]

O

Remark 2.1. Solving Lasso optimisation (2.5) encourages some of the values of |w;| (j € [m]) to be
zero. Lemma 2.1 motivates us to interpret the neural network training process as a variable selection.

The following Lemma 2.2 finds the convex dual of the optimisation problem (2.3) by finding the dual of
the optimisation problem (2.5). By weak duality, it gives a lower bound for our objective value p*. For
notation, we introduce Bd to denote the unit p-norm ball around the origin in R?, and By to denote

the unit 2-norm ball B = {u € RY| |lull2 < 1}.

Lemma 2.2. The non-convex problem (2.3) has a convex dual formulation
% 1
pt>dt = Hé%g—flly v+ SlulE st T (Xu)p| <8 Y ueB, (2.8)

Proof. For now, we treat u; as a fixed vector in By for all j € [m].

We first show that the dual of the primal optimisation problem

1 m m
min *HZ(X%')MJ —yll3+ 8 lwl (2.9)
{wjdje 275 =
is the problem
- o 2 - 2
,Jpax Slly = vz + S llylla-

[T (Xuj)4|<B Vie[m]

The primal optimisation problem (2.9) is equivalent to

m
min f||r|\2+52|wj| stoor= (Xuj)iw; —y. (2.10)
7=1

{]]l

The Lagrangian is defined as
L(v,rw) = *||7’H2 +ﬁz jwj| + v (r +y — Z Xuj)ywj)

where w = (w1, ... ,wp)T € R™ and v € R™.

Define A :== {v € R” : min,cgn, werm L(v,7,w) > —oo} and, for v € A, define

L(v) == mingcgn, yerm L(v,r,w).

We are going to find L(v).

We write 7, to denote parameter values of r and w which minimise L(v,r,w) for fixed v € A.

Vib=r+v=0at7 =7=—v (2.11)
0 € 0, L ={BW; —v" (Xuj)4 : [[Wjle <1, W = sgn(w;) if w; # 0} at (2.12)
= (B sgn(wj) — v (Xuy)4)wd; = 0 (2.13)



Using (2.11) and (2.13),

= L(v, —v,®)
llvll3 -
2 T ~ T ~
-—5" +oly+ z:l(ﬁ sgn(w;) —v* (Xuj)4)d;
]:
2
B,

1 1
= —lly = vl + 5 Iyl

For min,cgn ,egm L(v,7,w) > —o0 to hold, it is necessary that L has minimum value at some finite
wie Vj € [m], 3W; < oo st. (2.12) holds. This holds iff Vj € [m], |[vT(Xu;);+| < B Hence,
A C{v:Vj € [m], Wl (Xu;)+| < B}. Note that for any v € {v € R" : Vj € [m], [vT(Xuj)+| < B},
VL = 0 is achieved by taking r = —v. Hence,

A={veR":VYje[m], v (Xuj);| < B}

Therefore, the dual of (2.10) is

L
e )

ie.
1 o Lo
——lly — = . 2.14
,nax Sy = vllz + Syl (2.14)
[T (Xu;) 4 |<B Vi€[m]
By the weak duality, (2.9) is no less than (2.14).
By minimising with respect to {u;}72; on both sides, and by Lemma 2.1,

p*> min max sy — o3+ 2yl
- [lujll2<1 vER™s.t. 2 2
vjeim] [v" (Xu;)+|<B Vi€[m]

. 1 1
=p" > max —— ||y — vH% + 7Hy||% s.t. ]vT(Xu)+] <pB VucBs.
veER? 2 2

O

Remark 2.2. Lemma 2.2 tells us that the dual of the original non-convex optimisation problem is a
convex semi-infinite optimisation problem. A convex optimisation problem with infinitely many con-
straints is generally not polynomial-time tractable. The usefulness of Theorem 2.1 is that it formulates
the problem as a tractable polynomial-time problem.

Now, we prove Theorem 2.1 by showing that the convex problem (2.4) is a strong dual of the convex
problem (2.8). From the result in Lemma 2.2, (2.4) gives a lower bound for (2.3). Equality is proven
by a direct substitution when m is large.

Proof of Theorem 2.1:

Proof. We first prove that the strong dual of the convex problem (2.8) is the convex problem (2.4).
The key idea of this proof is rewriting the condition with infinitely many constraints as a condition
with finitely many constraints.



The condition v € {v € R" : V u € By, |v?(Xu)y| < B} can be written as

ve {veR": maxv! (Xu)y < BN {veR": max —v (Xu), < B}
uEB2 u€B2

We introduce some notations. For S C {1,2,..n} and X € R"*?,

D(S) := A diagonal matrix with D(S);; = { (1) Ez ; g%
Ps={uecR?: zlu>0Vies, xjrugOVjGSC}
={ueR?: D(S)Xu>0, (I -D(S))Xu <0}
Hy = U{{sgn(Xu)} : u € RY}
Sx = {{Un,=1{i}} : h € Hx}

Hx corresponds to the set of all hyperplane arrangements patterns for X. Sx = {S1, S, ..., Sa} for
some subsets Si, S, ..., Sy of {1,2,...,n} where M = |Hx]|.

We can rewrite the condition max,ep, v1 (Xu); < B by using the above notations.

T
a X <
max v” (Xu)y < B

& max v! Diag(1(Xu > 0))Xu < 8
uEB2

& max max v D(S)Xu < f
SeSx ueB2NPg

oVie [M], max, vID(S)Xu < B
ueBaNlg,

&Vie [M], 3 (g, 3) e R"s.t. o >0, B; >0,
| XTD(S)(v+ i + B;) — X1 Bill2 < B.

The last equivalence holds according to a strong duality result shown in Lemma 4 in [PE20] applied to
the optimisation problem MaXyeByNPs, vI'D(S;) Xu.

This formulation turns the infinitely many constraints over u € By into a finite number of constraints.

1 2, Lo
max ——|lv— =
max 2”“ yH2+2Hy|’2
(ai,Bi)ER™
0;>0,8;>0,¥i€[M]
(af,B;)ER™
o >0,8/>0,¥i€[M]

s.t. Vi € [M], | XTD(S;)(v+oi+ B;) — X Bill2 < B
Vi€ [M], | XTD(S:)(~v + af + Bi) = XTBi]l2 < B.
Note that the constraints are of the form || X7 D(S;)(v+ a; + B;) — X Billa — B <0
where || XTD(S;)(v+a;+B;) — X T Bi|l2 — B is convex in v, a;, B;. Also, a particular choice of parameters
v =0, (a, ) = (0,0), (af,B!) = (0,0) Vi € [M] are strictly feasible in the constraints as long as
B > 0. Hence, strong duality holds by Slater’s condition [BV04].

10



We can construct the Lagrangian and then the dual of the optimisation problem (2.8) as

i Sl = yll2 + 2 llyl2
min max —— ||V — —
Ai N ER vER" 2 Yl 5 lYilz
Qi A0 >(oa}§’ﬁ>i2)e§n [M]
vie[M] @i20,0:20, 1€
M) B eRn

a]>0,3/>0,vi[M]

M
+ ) MB = IIXTD(Si) (v + ai + 8;) — X7 Bill2)
=1

M
+ Y N(B = IXTD(S)(—v + af + B]) — X7 Bl2).
=1

Note that
—NXTD(S)(w+ai+B) — X Bila= min  —rIXTD(S)(v+ i + Bi) +rl X1 B
ri€RY [|7;]|2<1
Vie[M]
Hence, the dual is
' i 20— yl3+ 2yl
min max min — o — -
)\iy)\QER veER™ TiERd,HTingl 2 Yll2 2 Yll2

Ais A >0 (i Bi)ER™ s ga lIrill2<1
= 020,820, vie[M] 1 I ll2S
vie[M] @iZY,0iZ2Y,
iefa) ZDIE0TE ViE[M)]
«;>0,8;>0,vi€[M]

M

+Y MBI XTD(S) (v + ai + B;) + i XT ;)
=1
M

+3 N(B =" XTD(S)(—v + o + B) + T XT ).
=1

Sion’s minimax theorem (Theorem 3.4 in [Sio58]) for the inner max min problem implies the following
lemma.

Lemma 2.3. Let X and Y be convex, compact spaces. Let f(x,y) be a function on X XY satisfying:

For each fired y € Y, f(z,y) is continuous in x and concave in x.

For each fized x € X, f(x,y) is continuous in y and convex in y.

Then, sup,cx infycy f(x,y) = inf ey supex f(z,y).

Proof. This is a corollary of Sion’s minimax theorem (Theorem 3.4 in [Sio58]). O

11



By using Lemma 2.3 to swap maximisation and minimisation, we can write the dual as

. . 1 2, Lo
min min max —*HU—yH2+§Hy”2
Ai,)\ieR ri€R [|ri][2<1 (a_vg_ﬂ)%ew 2
i A 20 rieR? |rill2<1 | 3,50 vie[M)]
V’LG[M] VZE[M} Z_(O7¢l z/B_/)éRn

37
] >0,8/>0,Vie[M]

M
) MB =T XTD(S) (v + oi + Bi) + 1] XTBy)
=1

M
+ Y N(B =T XTD(S)(—v + of + B) + T XT ).
=1

We maximise with respect to v, {a;}M, {B:3M,, {/}M,, {8}, first.
1 1
LA} A} (b {rids v {oad, (B3 {ai} 4B == llv = wll3 + 5 llvll3

M
+) X(B = XTD(S) (v + o + Bi) + ] XTB;)
i=1

M
+ 3 X(B =T XTD(S) (—v + o + B) + T XTB))
=1

M
VoL =—(v—y)+ > D(S)X(=Airi + Njrj) =0 at &
=1

M
=0 =y+ > D(S)X(=N\iri + X))
i=1
VaiL = —D(Si)XTZ'

K3

For L to have finite maximum on (o, 5;)€ R™, o; > 0,3; > 0,

{ D(S;)Xr; >0

(D(S) = DXry >0 7€ s

Under this condition, the optimal (o, £;) is (0,0). A similar argument applies for (o}, 3!) and the
optimal (o, ) is (0,0).
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Now we can write the dual as

min - Il L()‘y >\/7 {ri}a {’I"g}, v, {0}7 {0}7 {0}7 {0})
i, N ER 1y rleRe
XN >0 [rifl<1
Vie[M] |rilla<1
TiEPS,L-
T;EPSZ-
Vie[M]

M M

1

= min_ min || > (AD(S)Xrs — ND(S) X)) —yll5+ 8 Y (A + )
Ai,NE€R 7y rieRd 27— P

A, N >0 || |l2<1 B -

vie[M] [r}ll2<1

TiEPS,L-

T;EPsi

Vie[M]

We can apply a change of variables v; = A\;r; and t; = N for all ¢ € [M]. Then, without changing the
optimal value, we obtain the dual as

LM M
min | Y7 D(S)X (v~ 1) —ylF+ Y (A + X))
i€Ps, — -_
loilla<h =
t»;EPsi
lI£ll2<A;
Ai, N, >0
Vie[M]

Note that \; = ||v;|2 and A, = ||¢;||2 are optimal and feasible. So, we can write the dual as

M M
!
min || Y D(S)X (v —ti) —yll3 + B (Jvill2 + [[£ill2)
=1 ]

UiEPSi 2

=1
tiGPSi
Vie[M]

This optimisation problem is in the same form as (2.4). Hence, the strong dual of the convex problem
(2.8) is the convex problem (2.4) and the optimal value of (2.4) is d*.

We then show that the optimal values for {uj,wj}gn:l are constructed when m = m* = va* 201+

L. 1, and p* = d* holds when m > m* where {v},t:}L , are optimal solution to (2.4).
i:tF#0 10V Ji=1

Define sets of indices S; and S5 as

Sp={ie[P]: vi #0},
So=1{ic[P]: 0}

Also,
¥
Vi € S, define (uy;,wy;) = (—===,1/ v} |l2);
VY72 '
. t;
Vi € S, define (uy;, wy;) = ( H;*H s =/ IE 12)-
i ll2

13



Note that m* = |S1| + |S2|. The optimal values are constructed as

{u;’aw;};‘nz*l = {ul;, wi; bies; U {us;, w3 bies, -

We show its optimality by substituting this formulation back in the objective value (2.2). By the
minimality of p*,

* 1 * * * * 6 * * 2 * * 2
| Z(Xuli)-‘rwli + Z(XUZi)—i-in —yll5 + 5 Z(Hulz”% +wi;) + Z(H%H% + w3;")

IS 1€Sy 1€S] €Sy

Z%H Yo X)) =Y (Xt =yl + 8| D ofla+ Y N2

1€, €S2 €S, 1€So

P P
1 * * * *
=5 > D)X =) = yl3 + 8 (97l + IIt]l2)
i=1 i=1
=(optimal value for (2.4))
=d*.

The third last equality holds because v} € Ps, = (Xv}); = D(S;)Xv} and similarly for ¢}.
By Lemma 2.2, we know that d* < p*. Hence, p* = d* holds. O

2.3 Numerical experiments

In this section, we present some results from numerical experiments. These experiments aim to com-
pare the performance of the training loss minimisation by the convex formulation and empirical risk
minimisation methods in fixed and random designs. In Section 2.3.1, we compare the objective value
minimised by the convex formulation from Theorem 2.1 and the objective value minimised by stochastic
gradient descent (SGD) or gradient descent (GD) with randomised initial starting points. We train
neural networks with different numbers of hidden neurons in a fixed design. In Section 2.3.2, we make
the comparison in a random design.

The training loss we want to minimise is the sum of the mean squared error (MSE) and the regu-
larisation term gz;”:l(HuJH% + OJJ2) We consider two-dimensional input data with one-dimensional
output. When n data samples are collected, they construct an input training data matrix X € R™*?
and the output training data ¥ € R™. The data samples are independent and identically distributed
following a simple distribution with noise: y; = 2 x 1(zj1 > z;2) — 1 + €; where ¢; Y N(0,v2) for
known v. Note that x; is the jth row of X and y; is the jth element of Y.

We train two-layer ReLU networks. The batch size of SGD is taken to be 1. The regularisation
parameter [ is taken to be 1073. The learning rate is taken to be 0.01. For each independent experi-
ment, the initial starting points for the parameters are randomly chosen. The Python library cvxpy is
used for convex optimisation, and Pytorch is used to construct neural networks and implement SGD
or GD. The codes used for the numerical experiments are listed on a GitHub page [25].

14



2.3.1 Fixed design setting

Simple training data, SGD

We first consider an input data X = [(1,-2),(1,—1),(1,0),(1,1),(1,2)]" and an output data ¥ =
[1.0337,1.0129, 1.0234, —0.9770, —1.1123]7, which is generated with small noise v = 0.1. The global
minimum proposed by the convex formulation is 0.00136 (“Optimal Loss”). We implement SGD to fit
the data with two-layer neural networks with different numbers of hidden neurons; m = 5 and m = 50.
After running the program over 28000 iterations, I observed that the minimised objective values do not
change much after 5000 iterations for m = 5, and after 24000 iterations for m = 50.

The learning process is shown in Figure 1. After each iteration, we plot the objective values min-
imised by SGD until convergence (6000 iterations for m = 5 and 28000 iterations for m = 50). Ten
independent trials starting from different random starting points were plotted, with the “Optimal Loss”
(red dashed line) found by the convex formulation of Theorem 2.1. As demonstrated in Figure 1, the
neural networks with a small number of hidden neurons will likely converge to a local minimum of a
larger value. In this experiment, m* < n = 5, so theoretically, a strong duality holds for both m = 5
and m = 50. However, the 10 trials after the 28000 iterations did not converge to the global minimum
proposed by the convex formulation in both cases. (The difference is over 1073. See Table 1.)

Networks with 5 hidden neurons showed sudden decreases in their objective values at some points
in their learning process. In contrast, networks with 50 hidden neurons showed a rapid decrease until
around 500 iterations and a gradual decrease between 500 and 24000 iterations. I expect that this is
because networks with fewer neurons have fewer parameters to update, so they adapt to changes more
quickly.

Training Loss (m=5, v=0.1) 109 Training Loss (m=50, v=0.1)

10° — Tial 1 Loss
Fial 2 Loss

— Fial 3 Loss
— Tial 4 Loss
— ial 5 Loss
— ial 6 Loss
Fial T Loss
— il 8 Loss
- Fial 0 Loss
107! — Tial 10 Loss

— Optimal Loss

1071 4

Objective Value

10-2 4 1072 §

I
[
Yo

103 T T T T T
0 10:30 2060 3060 40‘00 5060 6000 o] 5000 10000 15000 20000 25000

1073

Iteration Iteration
((a)) m =5, 6000 iterations ((b)) m = 50, 28000 iterations

Figure 1: Objective value (MSE+ Ly regularisation) of two-layer ReLU networks trained with SGD on
a simple dataset with a small noise (v = 0.1). Optimal Loss is proposed by the convex formulation
(Theorem 2.1).

Simple training data, GD

We then compare the training process of SGD and GD trained on the same data. We take the same train-
ing data X = [(1,—2), (1, 1), (1,0), (1,1),(1,2)]7 and Y = [1.0337,1.0129, 1.0234, —0.9770, —1.1123]7".
Figure 2 shows the training process of networks with the number of hidden neurons m = 5 and m = 50
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trained with GD.

Comparing Figure 1 and Figure 2, it is clear that SGD-trained networks performed much better in
minimising the objective value than GD-trained networks after the same number of iterations. This
is because SGD does not calculate a precise gradient, which enables the network to escape from local
minima and explore the loss landscape to find better solutions. On the other hand, GD makes more
precise updates, so the derivative is always close to zero when it is around local minima. Indeed, as
shown in Figure 2, the objective values for GD converge to the local minima more quickly than for
SGD and stay there. We can see that there is a significant gap of more than 1 between the optimal
value proposed by the convex formulation and the objective values minimised by GD even after 4000
iterations. The objective value does not change much after 2500 iterations when m = 5 and after
500 iterations when m = 50. These observations imply that, unless we know the value of the global
minimum beforehand, there is a risk of stopping the training process with GD too early, since it will
pass a convergence test.

Training Loss (m=5, v=0.1) Training Loss (m=50, v=0.1)
[ -
1.0 A 1.0 A
0.8 0.8
K —— Trial 1 Loss K —— Trial 1 Loss
@ : @ :
=2 06 Tr!al 2 Loss =2 06 Tr!al 2 Loss
2 —— Trial 3 Loss 2 —— Trial 3 Loss
F —— Trial 4 Loss F —— Trial 4 Loss
Lg‘ —— Trial 5 Loss Lg‘ —— Trial 5 Loss
Ry p— Trial 6 Loss Ry p— Trial 6 Loss
Trial 7 Loss Trial 7 Loss
—— Trial 8 Loss —— Trial 8 Loss
0.2 7 Trial 9 Loss 0.2 7 Trial 9 Loss
—— Trial 10 Loss —— Trial 10 Loss
——- Optimal Loss ——- Optimal Loss
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Iteration Iteration
((a)) m =5, 4000 iterations ((b)) m = 50, 4000 iterations

Figure 2: Objective value (MSE+ Ly regularisation) of two-layer ReLU networks trained with GD on
a simple dataset with a small noise (v = 0.1). Optimal Loss is proposed by the convex formulation
(Theorem 2.1).

Noisy training data, SGD

We also consider training processes on noisy data. We take the same input training matrix

X =1(1,-2),(1,-1),(1,0),(1,1),(1,2)]7, but change the standard deviation of the noise to be v = 5.0.
The output training data is now Y = [2.6835,1.6440,2.1723,0.1517, —6.6143]T. Figure 3 shows the
SGD-trained network training process for the number of hidden neurons m = 5 and m = 50. The
global minimum proposed by the convex formulation is 0.0127.

We compare the training process on these noisy data and the training process on the same input
training data X with the small noise of v = 0.1 shown in Figure 1. The behaviour for m = 50 on noisy
data (v = 5.0) is similar to that of less noisy data (v = 0.1), showing a rapid decrease until around
500 iterations and a gradual decrease after that. However, Table 1 and Figure 3 show that, unlike the
case with v = 0.1, all independent training processes avoid local minima, reaching the global minimum
suggested by the convex formulation. When m = 5, the training process on the noisy data showed fewer
frequent updates than on the less noisy data. However, there are 2 realisations showing their objective
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values reached very close (within 5 x 10~ difference) to the global minimum suggested by the convex
formulation. The other 8 realisations stuck at local minima around 0.1. A key observation common
to both m = 5 and m = 50 is that the minimum objective value among 10 SGD realisations is closer
to its global minimum when the output is noisy (v = 5) compared to when the output depends more
on the location of the input data (v = 0.1). (See Table 1.) I expect that the loss function is smoother
when the correlation between the input and the output is weaker.

o0 Training Loss (m=5, v=5.0) . Training Loss (m=50, v=>5.0)
10

1071 4 10-1 1

Objective Value
|
|
|
|

Objective Value

1072 4 10-2 4

1073

1073 T T T T T T T T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000 0 2000 4000 6000 8000 10000 12000 14000 16000 18000

Iteration Iteration
((a)) m =5, 4000 iterations ((b)) m = 50, 18000 iterations

Figure 3: Objective value (MSE+ Ly regularisation) of two-layer ReLU networks trained with GD on
a simple dataset with a large noise (v = 5.0). Optimal Loss is proposed by the convex formulation
(Theorem 2.1).

Complex data, SGD

We further consider complex training data X = [(1.5,1),(2.5,2), (2,2), (1,1.5), (2,2.5)]” and

Y =[1.0337,1.0129, —0.9766, —0.9770, —1.1123], which is generated with small noise v = 0.1. The data
is complex in the sense that positive samples (y ~ 1) are placed closer to negative samples (y ~ —1)
than in the previous training dataset. This training data will create a more complex loss landscape.
We train networks with the number of hidden neurons m = 5 and m = 50 with SGD.

Figure 4 shows that the training process of SGD needs many more iterations to escape the local min-
ima (m = 5) or needs many more iterations to show a gradual decrease (m = 50) compared to simple
training data shown in Figure 1. When I ran the programme over 28000 iterations for the simple train-
ing data, the objective values did not fluctuate after 5000 iterations when m = 5, and showed only a
gradual decrease after 1000 iterations when m = 50. On the other hand, for the complex training data,
the objective values fluctuated throughout the whole 16000 iterations. The global minimum suggested
by the convex formulation is 0.00635. Similarly to the case of simple training data, the objective value
minimised by SGD did not reach the global minimum for both m = 5 and m = 50. (The difference is
over 5 x 1073. See Table 1.)

2.3.2 Random design setting

In this section, we assess the optimality of the convex formulation in a random setting. We perform
100 independent minimisations in total (50 independent minimisations by using the convex formulation
and 50 independent trials for SGD). For each of these minimisations, we collect n samples uniformly
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Training Loss (m=5, v=0.1) Training Loss (m=50, v=0.1)
100 100

Objective Value
Objective Value

— Tial 10 Loss
— Optimal Loss — Optimal Loss

T T T T T T T 1073 T T T T T T T
0 2000 4000 6000 8000 10000 12000 14000 16000 0 2000 4000 6000 8000 10000 12000 14000 16000

1073

Iteration Iteration
((a)) m =5, 16000 iterations ((b)) m = 50, 16000 iterations

Figure 4: Objective value (MSE+ Ly regularisation) of two-layer ReLU networks trained with SGD on
a complex dataset with small noise (v = 0.1). Optimal Loss is proposed by the convex formulation
(Theorem 2.1).

’ v m iteration training data H SGD ‘ convex formulation H difference
0.1 5 6000 simple 0.0055 0.00136 4.14 x 1073
0.1 50 28000 simple 0.0048 0.00136 3.44 x 1073
50 5 4000 simple 0.0132 0.0127 5.00 x 10~*
5.0 50 4000 simple 0.0127 0.0127 0
0.1 5 16000 complex 0.0177 0.00635 1.135 x 10~
0.1 50 16000 complex 0.0119 0.00635 5.55 x 1073

Table 1: Objective values minimised by SGD (minimum value among 10 realisations), objective values
minimised by the convex formulation, and their differences.

at random and independently from [—5,5) x [—5,5) to construct a random n X 2 input training ma-
trix. As a result, for the total of 100 minimisations, their input matrices are randomly constructed
independently of each other. The output sample y; corresponding to x; is generated from the simple
distribution without noise: y; = 2 x 1(x;1 > x;2) — 1. If the optimality of the convex formulation does
not hold in a random design, the gap between the minimised values by the convex formulation and the
minimised values by SGD is not larger than what can be explained by the randomness in the training
data.

We first consider the case where the number of random samples is n = 5 and the number of hid-
den neurons is m = 5. I observed that the minimised values by SGD do not change much after 3000
iterations. So, the minimised value by SGD is set to be the minimised value after 6000 iterations. For
each independent trial for SGD, the initial starting point for the parameters is randomly chosen. The
minimised values by the convex formulation and by SGD are shown in Figure 5. Although the training
data matrices differ, most of the objective values minimised by SGD converged around 0.7 or 1.0. The
differences between minimised values by the convex formulation and SGD are larger than the variability
that can be explained by the randomness in the training data. This observation suggests that, with
high probability, the training loss of SGD starting from a random initialisation point trained on a
random input X is bounded below by the training loss minimised by the convex formulation trained
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on another random input X’. (It is likely that X # X'.) Figure 6 suggests that this observation also
holds when we increase the number of hidden neurons for networks to be m = 50. Figure 7 confirms
the optimality of the convex formulation in random design for a larger number of samples n = 30 as well.

Comparison of convex formulation and SGD Comparison of convex formulation and SGD (log)
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Figure 5: Objective values (MSE+ Ly regularisation) minimised by convex formulation (Theorem 2.1)
for 50 independent trials with 5 random samples (left, green). Objective values of two-layer ReLU
networks with 5 hidden neurons trained with SGD after training over 6000 iterations for 50 independent

trials with 5 random samples (right, orange).
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Figure 6: Objective values (MSE+ Ly regularisation) minimised by convex formulation (Theorem 2.1)
for 50 independent trials with 5 random samples (left, green). Objective values of two-layer ReLU
networks with 50 hidden neurons trained with SGD after training over 6000 iterations for 50 independent
trials with 5 random samples (right, orange).

Remark 2.3. In Section 2.3, we focused on minimising training loss. One may argue that, in general,
we are often not interested in achieving global minima of training loss. For example, to improve
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Figure 7: Objective values (MSE+ Ly regularisation) minimised by convex formulation (Theorem 2.1)
for 50 independent trials with 30 random samples (left, green), Objective values of two-layer ReLU
networks with 5 hidden neurons trained with SGD after training over 6000 iterations for 50 independent
trials with 30 random samples (right, orange).

prediction accuracy for squared loss, it can be shown that the training error, Erry., underestimates
the in-sample error, Erry,, as Erry, = E[Err,] + % > iy Cov(fy(x;),Y;). This result implies that the
better the model fits the training data, the more the training error underestimates the in-sample error.
However, we included a regularisation term in the loss function in our numerical experiments. Pilanci
and Ergen [PE20] reported that the convex formulation also surpasses in test accuracy in a similar
setting.

For the rest of Section 2, we will look at a special case, where a closed form for optimal weights
can be found, and two generalisations of the convex formulation. The two generalisations help our
understanding of the inner workings of neural networks in Section 3.2

2.4 Special case: whitened data

Pilanci and Ergen [EP21a] showed that, when a data matrix is a special form, whitened data matriz,
a closed-form solution to the optimisation problem (2.3) can be found. We use convex optimisation
theories to find this closed form. This result is useful because we can find the optimal weights without
training.

Definition 2.1 (Whitening Transformation). A whitening transformation is a linear transformation
that transforms a vector of random variables with a known covariance matrix into a set of new variables
whose covariance is the identity matriz.

Remark 2.4. The whitening transformation for a matrix is not unique. More details about optimal
whitening transformations can be found in [KLS18].

After a whitening transformation, the samples in the input data are uncorrelated, and each has a
variance of one. Informally speaking, the transformation changes the input matrix into white noise.
Whitening transformation is a powerful technique that enhances data processing and analysis. It is used
in various fields such as automatic speaker recognition for children’s speech [RBS23] or noise reduction
in ultrasonic testing [BK19).
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Theorem 2.2. Suppose that the data matriz X € R™*% is whitened such that XXT = I,. We write
the neural network we want to train as f(X) = (XU)iw. Then, an optimal weights (U*, w*) for (2.3)
can be formulated as follows

( <[||))<(TT(§J>)++||2’ R { [ﬁ(ﬂy()iﬂifufw D 7Bl B2 1wl
0wy =4 (s —IXT(=y)+lz + 8) if B> 1W)ell2e B <1(=9) ]
i~ IXT ()4 ]l2 - 8) if BN l2s B> 11(=y)+l2
[ (0,0) if B>1W)+ll2, B> 1(=y)+ll2
(2.15)
where U* = (uf, ... ,u),) and w* = (W], ... ,w;).

Remark 2.5. The regularisation parameter (8 controls the number of neurons and the analytical
solution to the optimisation problem. If 3 is large enough, that is, if 8 > [|(y)+]l2 and 8 > ||(=y)+]2,
the optimal weights are zero. This result agrees with our intuition that the optimal solution shrinks
towards zero when the regularisation penalty is large.

First, we prove the following Lemma 2.4 about a property of a whitened matrix. The result of Lemma 2.4
enables us to rewrite the constraint in the dual problem (2.8) as a simple constraint.

Lemma 2.4. Suppose data matriz X € R"*¢ s whitened such that XXT = I,,. Then,

Vv €R",  max o7 (Xu)4 | = max{|(v)+]|2, [|(=v)+ ]2}

Proof. We begin with properties of a whitened data matrix.

Let X = UDVT denote the singular value decomposition (SVD) of X. Here, U € R™*" and V € R4*4
are orthogonal matrices, and D € R"™%4 has diagonal elements D11 > Doy > ... > D,y > 0 where
m = min{n,d} and other entries of D are zero.

By basic results from linear algebra,

n=rank(XXT) < rank(X) <m < d.
Also,
I, =Xx"=uDD"U"
=DD" =U"U = I,.

By the construction of D, Vi € [n], D;; € {—1,1}.

Hence, DTD = < (I):” g >

This implies that XTX =V ( én’ g > VT,
For u € By, denote Xu by u/. Then,

|]]3 = T = u" XTXu=u'V ( [, 0 ) viu<i
Also, Vu' € {u/ e R™ : ||u'||s <1}, Jue By s.t. Xu=u'.

Hence, maxye, v (Xu)4| = maxegn | <1 [v7 (W) 4]

(v)+
[(w)+ll2°

vH ()4 < (0) L)+ < )+ ll2ll(w)+]l2 < [[(0)+]l2- (Equality holds when u' =

)
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(—’U)+ )
1(=v)4ll2”
Thus, maxyes, [v7 (Xu)+| = max{[|(v)+]l2, | (=v)+ |2} holds. O

—v" ()4 < ()L (W)s < (=) ]2l (@)1 )12 < [I(~v)4]l2- (Equality holds when v’ =

Now, we prove Theorem 2.2 by applying Lemma 2.4 to Lemma 2.2.

Proof of Theorem 2.2

Proof. By applying Lemma 2.4 to Lemma 2.2, the dual problem can be written as

max 20— ylB+ 3 Iol3 st max{lo): ] I (~v)ll2) < B

—3llv —yll3 + 3|ly||3 is maximised when [|v — y||3 is minimised. If 3i s.t. sgn(y;) # sgn(v;), changing
v; to 0 decreases ||v — y||2 while not increasing max{||(v) |2, |[(—v)+|/2}. Hence, we may assume

lv = yl3 = 1)+ = @)+ 13 + (=v)+ = (=)<l

for optimal v.
By the constraint max{||(v)+||2, [|[(=v)+|l2} < B, optimal v* is

o ) W4 if B>1(y)+l2 . (—y)+ if B>(=y)+ll2
(V)4 = , (=) =

B”(( 2 if B< H(y)-&-H2 5“( y +||2 if B< ”(_y)-l-HQ‘
Hence,
5” +||2 - B” +H2 if B< H(y)—FH%B < ”(_y)—‘rHZ
IO I e S o 1 N I T
W+ =Bty if B> @)+l B < (=)o
y if B>1(@)+ll2, 8> [(=y)+ll2

Recall conditions (2.11) and (2.13) for optimal solutions U* and w*, and that r is defined in (2.10).
They give the relationship between v*, U* and w* as

{2 L(Xul) ! —y = o
(Bsgn(w;) — o' (Xuz) ) = 0

Solving the above equations gives the desired values for U* and w*. O

2.5 General cases

In practice, we often want to use loss functions other than squared loss, or regularisations other than
weight decay. For example, we want to use hinge loss or cross-entropy for classification tasks, or use
Lasso regularisation when X has redundant information in its columns. Similarly, we often want to use
neural network architectures other than the two-layer ReLLU network. For instance, we want to use a
convolutional neural network when we perform image classification.

A wide range of applications of neural networks motivates us to generalise the convex formulation

(Theorem 2.1). Pilanci and Ergen [EP2la] [EP21b] showed convex formulations for general cases.
These generalisations are the central topics in this section.
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2.5.1 General case: general loss function

We present the convex formulation for general loss functions and regularisations. The significance of the
result is that it enables us to use the convex formulation for a wide range of tasks, such as classification.

We consider a general convex loss function £(.,.) and l,-norms in the reguralisation term R(6) in (1.2).
We take the same two-layer ReLU neural networks defined as (2.1). So, the optimisation problem we

work on is
m

p = min L) (Xuj)iwj, y)+ B (gl + llwjll3)- (2.16)
{ujvw]'}jzl =1 j=1

The convex formulation is stated as follows.

Theorem 2.3. The non-convex problem (2.16) has a convexr dual formulation

pt>d = max —L*v,y) st pPT(Xu)y|<B  Vue BZ (2.17)
veR™

where L* is convex conjugate of L defined as

L*(v,y) = sup 2l v — L(z,y) (2.18)
z€R™

When m exceeds a critical threshold m*, p* = d* holds. The value of the threshold m* can be determined
from an optimal solution of the dual problem in (2.16).

Proof. See [EP21al. O

Remark 2.6. Unlike the result in Theorem 2.1, optimal weights are not explicitly constructed.

2.5.2 General case: deep neural networks with multiple sub-networks

We present the convex formulation for a more general neural network architecture. It is important be-
cause there has been a significant interest in understanding the effectiveness of overparametrised neural
networks, including neural networks with multiple sub-networks. In fact, empirical studies proved that
increasing the number of subnetworks leads to better training performance and remarkable generalisa-
tion performance [EP21b].

We consider a general form of neural networks consisting of K subnetworks, each of which is an L-layer
ReLU network defined as in (1.1). This architecture represents many neural network architectures in
practice. For instance, various networks with multiple subnetworks are used in practice, especially for
image classification tasks. ResNets [He+16] is an example. We take squared loss and weight decay
regularisation for our objective function. So, the optimal problem we work on is

K gE L
Pt = Ieréiélﬁ(Zfe,k(X%y)JrgZ > Wil (2.19)
=1

k=1l=L-1

where 0 := {{W; }£ 1 | takes a value in a parameter space ©.

The convex formulation is stated as follows.
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Theorem 2.4. The non-convex problem (2.19) has a convezr dual formulation

p*>df = max —L*v,y) st T (XW)4 W)+l <B VOEO, (2.20)
where ©) == {0 € © | Vk € [K], VI € [L=2], [[Wi|lr <1, [[W_1)kll2 <1} and L* is convex conjugate
of L defined as

L*(v,y) = sup zLv — L(z,y) (2.21)
z€R™

The strong duality p* = d* holds when hidden layer weights are optimised.
Proof. See [EP21b]. O

Remark 2.7. The exact convex problem equivalent to the non-convex training problem for the case
where L(v,y) = ||v — yl|3, general K and L = 3 is shown in [EP21b]. Similarly to the two-layer case,
the convex formulation considers an equivalent formulation with group norm operator regularisation
and feature selection of data samples.

3 Interpretations of the inner workings of hidden neurons

3.1 Feature selection in a high-dimensional space

The convex formulation in Theorem 2.1 can be interpreted as a high-dimensional feature selection.
Specifically, multiplying the data matrix X by a single hyperplane arrangement matrix D(S;) works
as a selection of data points. With all such selections, a transformation of an input matrix X into an
effective high-dimensional matrix [D(S1), ..., D(Sh)] is performed. The [;-regularisation term in the
convex formulation induces sparsity, which encourages a parsimonious model.

Here is an example to illustrate this idea. Our optimisation problem is for two-layer ReLU networks
with squared loss and weight decay regularisation (2.3).

Example 1. We have n = 5 samples in R? (d = 2) to form the input data matrix X and the
corresponding label vector y.

X = [(27 1)7 (17 2)7 (2’4)7 (47 2)5 (_17 1)]T
Yy = [17 _17 _17 17 _1]T
They are sampled from a simple distribution y; =2 x 1(z;1 > z;2) — 1.

We want to find the minimum objective value for the neural network (2.3) by formulating it as a convex
optimisation problem (2.4) in Theorem 2.1. We use the same notation as in Thm 2.1. Figure 8 shows
the points corresponding to the rows of D1 X, Do X, ..., DgX as large circles, where {D1, Do, ..., Dg} =
{Diag(1[Xu > 0]) | Vu € R?}.
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Figure 8: Data points filtered by {Diag(1[Xu > 0]) | Vu € R?}.

The inside of the square loss for the convex formulation in (2.4) is

(2,1) (2,1) (0,0)
(1,2) (0,0) (0,0)
(2,4) | (o1 =t1) + [(0,0)] (v2a —t2) + | (0,0) | (v3 —13)
(4,2) (4,2) (0,0)
(—1,1) (0,0) (—-1,1)
(2,1) (0,0) 1
(1,2) (1,2) -
+ (27 4) (1)4 - t4) + (27 4) (UE) - t5) - |~
(4,2) (0,0) 1
(0,0) (—-1,1) -1

We can see that X is transformed into an effective high-dimensional data matrix X = [D1X,...D5X]
corresponding to the set of all the hyperplane arrangements passing through the origin and data points
in X. (See Figure 8.) This transformation illustrates the idea that non-linear ReLU layers can be re-
placed with a linear transformation that maps X to X. The regularisation term 850 (||lvy |2 + [|t:]|2)
in (2.4) reminds us of group Lasso [YLO06], which encourages either an entire v; (or ¢;) to be zero or all
the components of v; (or ¢;) to be non-zero. These ideas give us an interesting view of the inner workings
of neural networks: the non-convex ReLLU network has an implicit regularisation structure, the group
Lasso regularisation, and learns an optimal feature selection of high-dimensional data [D; X, ...DgX].

It is also clear that 1[Xu; > 0] and 1[Xu2 > 0] have different sign patterns if and only if a hy-
perplane that passes through the origin and is orthogonal to some of the rows of X separates u; and us
to different sides. Hence, the number of sign patterns [{1[Xu > 0]) | Vu € R?}| is equal to the number
of regions separated by hyperplanes passing through origins and orthogonal to some of the rows of X.
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It can be shown [Ojh00] [Cov65] that the number of such regions P, , satisfies

Poy = 22((?))

where X € R™*? and r = rank(X) < n.
[EOS86] further presented an algorithm that presents all possible hyperplane arrangements in O(n")
time. This ensures the polynomial-time trainability of the 2-layer ReLU network with weight decay.

Remark 3.1. Ergen and Pilanci [EP21b] further investigated models beyond the two-layer ReLU
networks. They revealed that deep ReLLU networks are group Lasso models with additional linear con-
straints. They showed that polynomial-time trainability is also possible for regularised ReLLU networks
with multiple non-linear layers.

3.2 Optimisation via Hodge dual

Another interesting insight into the inner workings of hidden neurons is given via Clifford Algebra
[Pil23]. This is reminiscent of the hyperplane arguments discussed in Section 3.1. In the hyperplane
arguments, it is enough to consider feature selections by hyperplanes separating linearly independent
data points. Similarly, for the Clifford algebra arguments explained in this section, it is enough to con-
sider the signed volumes of parallelotopes formulated by linearly independent data points. In addition,
for both cases, only data points lying on one particular side of a hyperplane matter. For the Clifford
algebra argument, instead of considering an optimisation problem by using the feature selections as in
Section 3.1, we construct a matrix whose elements are calculated exactly from the spatial relations of
data points and solve a minimisation problem using this matrix.

Clifford algebra is an algebraic system generated from an inner product vector space. It generalises the
dot product and cross product to higher dimensions, and treats objects in a coordinate-free setting.
This property is useful when we analyse the spatial relations between data points. A novel result shown
by Pilanci [Pil23] is that optimal weights for deep neural networks can be obtained by using the Hodge
dual, an important operator in Clifford algebra. In this essay, we consider two-layer networks and will
not delve into details of Clifford algebra beyond basic concepts, such as the wedge product. However,
it is good to keep in mind that the results we present in this section can be generalised by using the
language of Clifford algebra.

We consider the optimisation problem for two-layer ReLU networks with a general loss function (2.16).
The main idea is to analyse the optimal weights for (2.16) by examining the extreme points in its convex
dual (2.17).

Firstly, we set p = 1, so our optimisation problem is

m m
. : 2 2
p = min L (Xuj)iwj, y)+ B Y (gl + llwsllf)- (3.1)
lupwiicy 5 j=1
The following Theorem 3.1 formulates this non-convex optimisation problem as a convex problem using
the spatial relations between data points.

¥ A concise explanation of Clifford algebra can be found in [Hit12], and more details can be found in [Art16]. An
interesting perspective on Clifford algebra is provided in [DDL12]
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Theorem 3.1. The non-convex problem (3.1) is equivalent to the following convex Lasso problem

min L(Kz,y)+ Az (3.2)

2ERP(n+d,d—1)

The matriz K is defined as K;j = k(x;, zj,,...,x5, ,) for i € [n] and a multi-index j = (ji,..., ja—1) »

where
(TiNxjy Ao ANxj, )+ _ Vol (P(zi, zj, .., Tjy )

3.3
lzj, Aohx (3:3)

k(x LiyyeersLi, ):
1y Lgrs s bjgq a1l ijl/\---/\xjd—1H1

The multi-index j = (j1, ..., ja—1) indezes over all combinations of d — 1 rows xzj,,...,xj, , € R? of
X e RHDxd yhere ith row of X is z; if i < n, and is e;_y, for the standard basis {e1,...,eq} if i > n.
Vol, (C) denotes the positive part of the signed d-volume of a subset C C R%. v A u denotes the wedge
product 1 of vectors v and u. P(zi, xj,,...,xj, ,) denotes the parallelotope 2 formulated by vectors

i, .%'jl, veey .Z‘jd71 .
An optimal network can be constructed as:

f(z) = Z Z;k(xvlev'“vxjd—J

j:(jly"'zjdfl)

where z* is an optimal solution to (3.2). The optimal hidden neurons are given by a scalar multiple of
the generalised cross product x(zj,,...,xj, ,) = *(xj,,...,xj, ,) (Hodge star operator) with breaklines
T Az Ny A Axj, =0 corresponding to non-zero z3 for j = (J1y eves Jd—1)-

Proof. See [Pil23]. O

Remark 3.2. We recall that Vol(P(x;, xj,,...,z;, ,)) = 0 if the set (x4, x;,,...,x;, ,) is linearly depen-

dent, and the permutations of indices z;, z,, ..., z;, , only change the sign of the volume Vol(P(z;, z,, ..., zj, ,))-
Hence, it is enough to consider subsets (z;,, ..., zj, ,) consisting of d—1 linearly independent data points

and compute Vol (P(z;,zj,,...,xj, ,)) for each of such subset and a point z;.

Next, we set p = 2, so our optimisation problem is

pr= min L0 (Xug)rwy, y) + B (gl + llwjll3)- (3-4)

{uj7wj}}n:1 ]:1 ]:1

Theorem 3.2. Consider the following convex Lasso problem

b= min L(Kzy) + Azla. 3.5
pri= _min L(Kzy) + Mzl (3.5)
The matriz K is defined as K;; = k(x;,xj,,...,x;, ,) for i € [n] and a multi-index j = (j1,..., ja—1) »

where
(fL‘i ANxj Ao A xjd71)+

lzj Ao A

k(xi’xjv“"xjdfﬂ = = dist+(xi,Span(:le,...,xjdfl)). (36)

Ja—1ll2

The multi-index j = (j1, ..., ja—1) indezes over all combinations of d — 1 rows xj,,...,xj, , € R? of
X € R™¥4, dist, (x,S) denotes the positive part of the signed Buclidean distance between x and S.

1 A generalisation of the cross product to higher dimensions with properties such as anti-symmetry
2 A generalisation of a parallelogram or a parallelepiped to higher dimensions. It is defined by a set of vectors.
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We define the maximum chamber diameter D(X) as

D(X) = max lw—v|l2
wwER? [lwll2=]|v[2=1
sign(Xw)=sign(Xwv)

When the mazimum chamber diameter satisfies D(X) < € for some € € (0,1), we have the following
approximation bounds

* ~ 1 *
P SP,\Sl_GP (3.7)

where p* is the optimal value of the objective in (3.4).

Networks that achieve the cost py for (3.4) can be constructed as:

fz) = Z Z;k(x’$j1v“'vxjd71)

7=(J15esJd—1)
where z* is an optimal solution to (3.5).
Proof. See [Pil23]. O

Remark 3.3. Although the convex formulation (3.5) is not exactly an equivalent of (3.4), it produces
a nearly optimal solution if the maximum chamber diameter is small, which is expected for large n.

Here is an example to illustrate the case where p = 2. For comparison, we take the same data as for
Example 1, and our optimisation problem is (2.3). The optimisation problem (2.3) is the case where
L(v1,v2) = 3|lv1 — v2||3 and the regularisation parameter is g in (3.1).

Example 2. We have n = 5 samples in R? (d = 2) to form the input data matrix X and the
corresponding label vector .

X = [(27 1)7 (17 2)7 (27 4)7 (47 2)7 (_17 1)]T

y=[-1-11,-1]"
They are sampled from a simple distribution y; =2 x 1(z;1 > z;2) — 1.
We want to find the minimum objective value for the neural network (2.3). We will find a near-optimal
value using Theorem 3.2. Figure 9 illustrates the values of the elements in K. As d = 2, multi-index
J = (J1,-.; ja—1) indexes just one number j. So, each element K ; in K is indexed by

kij == k(x;, ;) = dist (z;, Span(z;))
for 7,7 € [n].

The figure shows that k; ; > 0 only when z; is on one specific side of the hyperplane passing through
the origin and z;, and k; ; = 0 if z; is on the other side. We can see that the geometric relationship
between the data points plays a role in the learning process.

Remark 3.4. In Figure 9, the data points in the shadowed areas do not affect the elements in K. In
Figure 8, the data points in the shadowed areas are discarded in the data point selection. For both
p =1 and p = 2, only one of the half spaces, which are separated by a hyperplane passing through the
origin and a data point, matters. Although the convex formulation and the Clifford algebra approach
are different formulations of neural networks, they showed the inner workings of hidden neurons in a
similar way.
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Figure 9: The elements in K.

3.2.1 Comparison with other machine learning methods

We note that the Clifford algebra approach to neural networks is reminiscent of the kernel method
and the representer theorem [SHS01]|, where we reduce a problem of finding an optimal function in a
(possibly infinite-dimensional) reproducing kernel Hilbert space H to a problem of finding optimal coef-
ficients & for a kernel matrix K. In Theorem 3.1, we reduce the problem of finding an optimal function
in a space {fyo(X) = 37" (Xu;)1w; | 0 € O} for the non-convex problem (3.1) to the problem (3.2)
of finding optimal coefficients z* for the matrix K defined as (3.3). The convex problem (3.2) is more
manageable. However, there is a significant distinction between the kernel method and the Clifford al-
gebra approach to neural networks. For example, the kernel in the kernel method is constructed using
a feature map function, which we can choose as long as some conditions are satisfied. On the other
hand, the matrix K in the Clifford algebra approach is determined from spatial relations of data points.

Moreover, the Clifford algebra approach to neural networks is reminiscent of support vector machines
[CV95], where the final classifier depends only on some of the data points (support vectors) and their
geometric locations. For the Clifford algebra approach to neural networks, the exact distance between
the data points and the hyperplanes matters as long as the data points are on one particular side. This
is different from support vector machines, where we only care about the minimal distance between data
points and the hyperplane that separates data points for classification.
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4 Conclusion and outlook

Despite the recent success of neural networks, the theoretical explanation of their inner workings is
not yet fully developed. This essay introduced some theories about formulations of finite-width neural
networks via convex formulations and via the Clifford algebra. These theories gave us interesting in-
terpretations of the inner workings of hidden neurons.

We presented that the convex formulation introduced by [PE20] and [EP21la] gives a lower bound
for the non-convex optimisation problem of minimising the sum of a loss function and a regularisation
term for two-layer ReLU neural networks. For networks with a large enough number of hidden neurons,
strong duality holds. This theoretical result may be related to the empirical success of neural networks
with many hidden neurons.

Our simple numerical experiments confirmed the optimality of the convex formulation. We obtained
two original observations. Firstly, we observed that the minimised training loss reached its global
minimum when networks are trained on noisy data, but does not reach it when networks are trained
on noiseless data. One possible explanation for this observation is that the loss function is smoother
when the training data is noisy. Secondly, we investigated the optimality of the convex formulation
in a random design. Our results suggest that the minimisation by convex formulation is better than
SGD with high probability. Theoretical explanations behind these outcomes can be explored in future
research.

We then showed that the optimal weights can be calculated explicitly for whitened data. Given the wide
range of applications of whitened data, this result will produce useful applications. We also presented
the generalised versions of the convex formulation. We considered general loss functions and more com-
plex but widely used neural network architectures. These results ensure that the convex formulation
works not only in a regression setting but also in other settings, such as a classification setting. Fur-
thermore, convex formulations are applied to deep neural networks with multiple layers as well [EP21b].

In the last section, we gave an insight into the inner workings of hidden neurons in neural networks
through simple examples. We can interpret it as a feature selection in a high-dimensional space (convex
formulation) or as a Hodge dual (Clifford algebra). In addition, we can analyse the optimal weights by
examining the extreme points in a dual set. This analysis leads to another interesting interpretation
of the convex formulation given by convex geometry [Pil23]. Both the convex formulation and the
Clifford algebra method consider the construction of optimal weights based on the spatial relationships
of data points. We saw that only the data points on one side of a hyperplane, which passes through
the origin and a data point, are grouped together in the training process. In future research, it would
be interesting to combine these geometric interpretations in a more general inner product space, which
may not necessarily be a Euclidean space. We can do it by constructing a feature map that maps data
points to a general feature space where the distance between data points is defined.
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5 Appendix

5.1 Optimization Theory

Definition 5.1 (Lagrangian). For an optimisation problem

P: gél)l(l f(z) st g(x)=h.

The Lagrangian is defined as L(x,\) = f(x) + AT(b— g(x)).

Theorem 5.1. (Lagrangian Sufficient Theorem) Let x* be feasible. Suppose IN* s.t.

L(x,\*) for all x € X. Then, x* is optimal for P.

We define the following notations.

A={\: gél)I(lL(x, A) > —oo}.
VAe A, L(\) = min L(z,\).
Xp = {z:g(x) <b}.

Theorem 5.2 (Weak duality). For any x € Xy, and A € A, f(z) > L(\).

Definition 5.2 (Dual). The dual of the optimisation problem

P ;rg)rgf(a:) st. glx)=0

18

D : maxmin L(z, A).
AEA zeX

Alternatively, it can be written as

D : max L(\).
AEA

L(z*,\) <

Remark 5.1. The weak duality theorem tells us that the solution to the original problem P is no less

than the solution to the dual problem D.
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